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Orthogonality

TOOL: Cosines and sines of the same or different harmonic frequencies are orthogonal.  In other
words, the inner product of a cosine and sine over an integer number of cycles is equal to
zero:

€ 

cos(2πnf0x), sin(2πmf0x) ≡
1
T

cos(2πnf0x) ⋅ sin(2πmf0x)dxx0

x0+T∫ = 0

where 

€ 

f0 =
1
T

 is the fundamental frequency and n and m are non-negative integers.

TOOL: Cosines and cosines (or sines and sines) of different harmonic frequencies are orthogonal.
In other words, the inner product of cosine and cosine of different frequencies (or sine
and sine of different frequencies) over an integer number of cycles is equal to zero:

€ 

cos(2πnf0x), cos(2πmf0x) ≡
1
T

cos(2πnf0x) ⋅ cos(2πmf0x)dxx0

x0+T∫ = 0

where 

€ 

f0 =
1
T

 is the fundamental frequency and n ≠ m are non-negative integers.

PROOF: We use the following identity:

€ 

cos(2πnf0x) ⋅ cos(2πmf0x) =
1
2
cos(2π[n + m] f0x) +

1
2
cos(2π[n −m] f0x)

Using this identity, we have the following calculation of the inner product:

€ 

1
T

cos(2πnf0x) ⋅ cos(2πmf0x)dxx0

x0+T∫ =

1
T

1
2
cos(2π[n + m] f0x)dxx0

x0+T∫ +
1
T

1
2
cos(2π[n −m] f0x)dxx0

x0+T∫
or

€ 

1
T

cos(2πnf0x) ⋅ cos(2πmf0x)dxx0

x0+T∫ =

1
T

1
2[n + m] f0

sin(2π[n + m] f0x)
x0

x0+T

+
1
T

1
2[n −m] f0

sin(2π[n −m] f0x)
x0

x0+T

Since n ≠ m, the sines are evaluated at points separated by an integer number
of cycles and give the same values.  The difference between the value at the
upper limit and the value at the lower limit is zero (for both terms).  Thus, we
have the desired result:
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Orthogonality (cont.)

€ 

1
T

cos(2πnf0x) ⋅ cos(2πmf0x)dxx0

x0+T∫ = 0 .

NOTE: When n = m, the integral expression changes because the second
integral becomes the following:

€ 

1
T

1
2
cos(2π[n −m] f0x)dxx0

x0+T∫ =
1
T

1
2
cos(0)dx

x0

x0+T∫

=
1
T

1
2
dx

x0

x0+T∫ =
1
2
≠ 0

The value is no longer zero.


