CONCEPTUAL TOOLS By: Neil E. Cotter ROSETTA STONE METHOD

GRAPHICAL MATH
Derivative

QUADRATIC

TooL: The following rules govern precise graphing of given a quadratic shape of f{¢)

dt
in a given interval, [¢;, t,]. Fig. 1 shows an example function that illustrates the

process.
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Fig. 1. Example function for process of graphing derivative of quadratic segment.

Steps for sketching derivative of quadratic

1. Find the values of the quadratic at two endpoints and a midpoint:

Hh+n
y1=f(t) yq=f< 5 ) y2 = f(t2).
. o yit+y2
2. Draw a line from y; to y, and mark the midpoint as ym = > Find the

distance, Ay, from y, to y:

A)’q =Ym —Yq
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3. Calculate the following values:

_ Y _ Ay

2 — 11 Yy =Y2—J1 m Af q Af

4. The derivative of the quadratic is a straight line that connects the following two
points:

(t,y1)=m—4q  (2,y2) =m+4q
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Fig. 2. Derivative of example function using above process.

DERIV: The following derivation is optional reading and is provided only for completeness.

A quadratic function segment may be decomposed into a constant function, a linear

function, and a quadratic function, as shown in Fig. 3.

t—1, 2
Y(t) = ym +m(t —ty) + Ay, (ﬁ) — Ay, (1)

H—+n
5

where t;;, =
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Ym=2 Expanded view:

constant

\ 4

line

parabola

Fig. 3. Decomposition of quadratic segment into a sum of

components of increasing order.

Assuming the expression in (1) is correct, which we verify later on, we have the
following derivative formula:

dy(t) t—ty
— = mt 24y, <7( A 2)2>. )

The derivative is a straight line segment. Evaluating (2) at #; and 7, we have the

endpoints of the line segment.

dy(t) Ay,

o | T YA ®)
=t

dy(t) Ayq
1=t

where we use
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f —tm=—At/2and t, —t,, = At /2.

)

To verify that (1) is equivalent to the formula for the quadratic segment, we show

that it produces correct values at three points: (t 1, y 1), (t m, y m), and (t 2,

y_2). If a quadratic function matches another quadratic function at three points, the

two quadratic functions are the same. In other words, a quadratic function may

specified by three distinct points on the quadratic function.

y(t=1t):
2
5 Rl
y(tl) :ym+m(tl _tm) +qu <T/2> _qu
or, using (5),

y(t1) = ym +m(—At/2) + Ay, _At/2 —%

or, substituting for y,,, m, and At,

Yi+y2 y2—y1
)= —At/2) =
y(n) = S P (A 2) =1 v

By symmetry, we have

yi+y2 y2—y1
y(t1) = St T (At)2) =y v

y(t =ty):

-
Y(tm) = Y + mw—1m) + Ayy 7 2= Ay,

or

y(tm) =Ym _A)’q =Yq v
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Tool:	The following rules govern precise graphing of   TexMaths12§display§\cfrac{df(t)}{dt}§svg§600§FALSE§ given a quadratic shape of f(t) in a given interval, [t1, t2].  Fig. 1 shows an example function that illustrates the process.



Fig. 1.  Example function for process of graphing derivative of quadratic segment.

Steps for sketching derivative of quadratic

	1.	Find the values of the quadratic at two endpoints and a midpoint:

  TexMaths12§display§y_1 = f(t_1)§svg§600§FALSE§	  TexMaths12§display§y_q = f \left( \cfrac{t_1 + t_2}{2} \right)§svg§600§FALSE§	  TexMaths12§display§y_2 = f(t_2)§svg§600§FALSE§.

	2.	Draw a line from   TexMaths12§display§y_1§svg§600§FALSE§ to   TexMaths12§display§y_2§svg§600§FALSE§ and mark the midpoint as   TexMaths12§display§y_m = \cfrac{y_1 + y_2}{2}§svg§600§FALSE§.  Find the distance,   TexMaths12§display§\Delta y_q§svg§600§FALSE§ from   TexMaths12§display§y_q§svg§600§FALSE§ to   TexMaths12§display§y_m§svg§600§FALSE§:

  TexMaths12§display§\Delta y_q = y_m - y_q§svg§600§FALSE§



	3.	Calculate the following values:

  TexMaths12§display§\Delta t = t_2 - t_1§svg§600§FALSE§	  TexMaths12§display§\Delta y = y_2 - y_1§svg§600§FALSE§	  TexMaths12§display§m = \cfrac{\Delta y}{\Delta t}§svg§600§FALSE§	  TexMaths12§display§q = \cfrac{\Delta y_q}{\Delta t}§svg§600§FALSE§

	4.	The derivative of the quadratic is a straight line that connects the following two points:

  TexMaths12§display§(t_1, y_1) = m - 4q§svg§600§FALSE§	  TexMaths12§display§(t_2, y_2) = m + 4q§svg§600§FALSE§



Fig. 2.  Derivative of example function using above process.



Deriv:	The following derivation is optional reading and is provided only for completeness.

A quadratic function segment may be decomposed into a constant function, a linear function, and a quadratic function, as shown in Fig. 3.

  TexMaths12§display§y(t) = y_m + m(t - t_m) + \Delta y_q \left( \cfrac{t - t_m}{\Delta t/2} \right)^2 - \Delta y_q§svg§600§FALSE§	(1)

where   TexMaths12§display§t_m = \cfrac{t_1 + t_2}{2}§svg§600§FALSE§.



Fig. 3.  Decomposition of quadratic segment into a sum of

components of increasing order.

Assuming the expression in (1) is correct, which we verify later on, we have the following derivative formula:

  TexMaths12§display§\cfrac{dy(t)}{dt} = m + 2 \Delta y_q \left( \cfrac{t - t_m}{(\Delta t/2)^2} \right)§svg§600§FALSE§.	(2)

The derivative is a straight line segment.  Evaluating (2) at   TexMaths12§display§t_1§svg§600§FALSE§ and   TexMaths12§display§t_2§svg§600§FALSE§, we have the endpoints of the line segment.

  TexMaths12§display§\left. \cfrac{dy(t)}{dt} \right|_{t = t_1} = m - 4 \cfrac{\Delta y_q}{\Delta t}§svg§600§FALSE§.	(3)

  TexMaths12§display§\left. \cfrac{dy(t)}{dt} \right|_{t = t_2} = m + 4 \cfrac{\Delta y_q}{\Delta t}§svg§600§FALSE§.	(4)

where we use

  TexMaths12§display§t_1 - t_m = -\Delta t/2§svg§600§FALSE§ and   TexMaths12§display§t_2 - t_m = \Delta t/2§svg§600§FALSE§.	(5)

To verify that (1) is equivalent to the formula for the quadratic segment, we show that it produces correct values at three points:  (t_1, y_1), (t_m, y_m), and (t_2, y_2).  If a quadratic function matches another quadratic function at three points, the two quadratic functions are the same.  In other words, a quadratic function may specified by three distinct points on the quadratic function.

  TexMaths12§display§y(t = t_1)§svg§600§FALSE§:

  TexMaths12§display§y(t_1) = y_m + m(t_1 - t_m) + \Delta y_q \left( \cfrac{t_1 - t_m}{\Delta t/2} \right)^2 - \Delta y_q§svg§600§FALSE§

or, using (5),

  TexMaths12§display§y(t_1) = y_m + m(-\Delta t/2) + \cancel{ \Delta y_q \left( \cfrac{-\Delta t/2}{\Delta t/2} \right)^2} - \cancel{\Delta y_q}§svg§600§FALSE§

or, substituting for   TexMaths12§display§y_m§svg§600§FALSE§,   TexMaths12§display§m§svg§600§FALSE§, and   TexMaths12§display§\Delta t§svg§600§FALSE§,

  TexMaths12§display§y(t_1) = \cfrac{y_1 + y_2}{2} + \cfrac{y_2 - y_1}{\Delta t} (-\Delta t/2) = y_1§svg§600§FALSE§ ✔︎

By symmetry, we have

  TexMaths12§display§y(t_1) = \cfrac{y_1 + y_2}{2} + \cfrac{y_2 - y_1}{\Delta t} (\Delta t/2) = y_2§svg§600§FALSE§ ✔︎

  TexMaths12§display§y(t = t_m)§svg§600§FALSE§:

  TexMaths12§display§y(t_m) = y_m + m\cancel{(t_m - t_m)} + \Delta y_q \cancel{\left( \cfrac{t_m - t_m}{\Delta t/2} \right)}^2 - \Delta y_q§svg§600§FALSE§

or

  TexMaths12§display§y(t_m) = y_m - \Delta y_q = y_q§svg§600§FALSE§ ✔︎



