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EX: Using superposition, find an expression for v1 in the circuit shown below. 

 

SOL'N I: We first illustrate brute force attempts at solution using the node-voltage 
method and superposition.  When the suffering is complete, we consider 
judicious use of the reference placement, superposition, and Kirchhoff's 
laws to simplify matters. 

For the node-voltage method, we label a reference and any nodes where 
three or more components are joined. 

 

Before going any further, we define variables for dependent sources in 
terms of node voltages. 
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  vx = vb − vc   

  
ix =

vx
R2

=
vb − vc

R2
  

We use the above definitions whenever we write vx or ix. 

The blue indicates a supernode.  We proceed to sum currents out of nodes, 
starting with the supernode, (two nodes connected by just a voltage 
source), for which we sum currents out of the blue bubble.  The key is to 
define currents in terms of node voltages. 

  

va − (vb + vs )
R1

+β
vb − vc

R2
+

vc − vb
R2

+
vc
R3

= 0A   

or 

  

va − (vb + vs )
R1

+ (β −1)
vb − vc

R2
+

vc
R3

= 0A  

or, if we write things in a form suitable for matrix solution, 

  

1
R1

va + − 1
R1

+ β −1
R2

⎛

⎝⎜
⎞

⎠⎟
vb +

1−β
R2

+ 1
R3

⎛

⎝⎜
⎞

⎠⎟
vc =

vs
R1

 (1) 

The voltage equation is simpler: 

  va − vc = α(vb − vc ) . 

or, in matrix compatible form, 

  (1)va + (−α)vb + (α −1)vc = 0V . (2) 

Finally, we have the vb node: 

  

vb + vs − va
R1

+
vb − vc

R2
+ is = 0A   

or, in matrix compatible form, 

  
− 1

R1

⎛

⎝⎜
⎞

⎠⎟
va +

1
R1

+ 1
R2

⎛

⎝⎜
⎞

⎠⎟
vb + − 1

R2

⎛

⎝⎜
⎞

⎠⎟
vc = −

vs
R1

− is . (3) 



CONCEPTUAL TOOLS By:  Neil E. Cotter SUPERPOSITION 
  CIRCUITS 
  VDC + VDC 
  EXAMPLE 3 (CONT.) 
   

 
 

  

Now what?  We solve the equations by hand, introducing terms to save 
writing: 

  
X ≡

R1(1−β)
R2

   and   
  
Y ≡

R1
R2

 

Multiplying (1) by R1 and (3) by –R1 gives us the following three 
equations: 

  (1)va + (−1− X )vb + ( X + R1 / R3)vc = vs   (1') 

  (1)va + (−α)vb + (α −1)vc = 0V  (2') 

  (1)va + (−1−Y )vb + (Y )vc = vs + isR1  (3') 

Solving (2') for va, we may substitute the result into (1') and (3'). 

  (1)va = (α)vb + (1−α)vc  (2'') 

which gives 

  αvb + (1−α)vc + (−1− X )vb + ( X + R1 / R3)vc = vs   (1'') 

and 

  αvb + (1−α)vc + (−1−Y )vb + (Y )vc = vs + isR1   (3'') 

Cleaning things up, we have 

  (α −1− X )vb + (1−α + X + R1 / R3)vc = vs   (1''') 

and 

  (α −1−Y )vb + (1−α +Y )vc = vs + isR1   (3''') 

We can do a bit more with (1''') and (3'''): 

  (α −1− X )vb + (−α +1+ X + R1 / R3)vc = vs   

or 

  
vb + −1+

R1 / R3
α −1− X

⎛
⎝⎜

⎞
⎠⎟

vc =
vs

α −1− X
  (1'''') 
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and 

  (α −1−Y )vb + (−α +1+Y )vc = vs + isR1   

or 

  
vb + (−1)vc =

vs + isR1
α −1−Y

  (3'''') 

Solving (3'''') for vc, we may substitute into (1''''), leaving only vb.  
Keeping vb instead of vc is convenient since we want to find v1. 

  
vc = vb −

vs + isR1
α −1−Y

   

Substituting into (1''''), we have 

  
vb + −1+

R1 / R3
α −1− X

⎛
⎝⎜

⎞
⎠⎟

vb −
vs + isR1
α −1−Y

⎛
⎝⎜

⎞
⎠⎟
=

vs
α −1− X

  

or 

  

R1 / R3
α −1− X

⎛
⎝⎜

⎞
⎠⎟

vb =
vs

α −1− X
+ −1+

R1 / R3
α −1− X

⎛
⎝⎜

⎞
⎠⎟

vs + isR1
α −1−Y

⎛
⎝⎜

⎞
⎠⎟

 

Ugh!  We struggle on...  Multiply both sides by α – 1 – X. 

  
(R1 / R3)vb = vs + −(α −1− X )+ R1 / R3( ) vs + isR1

α −1−Y
⎛
⎝⎜

⎞
⎠⎟

 

or 

  
(R1 / R3)vb =

α −1−Y − (α −1− X )+ R1 / R3
α −1−Y

⎛
⎝⎜

⎞
⎠⎟

vs + −(α −1− X )+ R1 / R3( ) isR1
α −1−Y

⎛
⎝⎜

⎞
⎠⎟

 

or 

  
(R1 / R3)vb =

X −Y + R1 / R3
α −1−Y

⎛
⎝⎜

⎞
⎠⎟

vs + X +1−α + R1 / R3( ) isR1
α −1−Y

⎛
⎝⎜

⎞
⎠⎟

 

Since X – Y = βR1/R2, if we multiply by R3/R1, we have 
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vb =

βR3 / R2 +1
α −1−Y

⎛
⎝⎜

⎞
⎠⎟

vs + ( X +1−α)R3 + R1( ) is
α −1−Y

⎛
⎝⎜

⎞
⎠⎟

. (1''''') 

 

Very well, but we want v1.  Curiously, things are much better when we try 
to find v1. 

  v1 = vb + vs − va   

where 

  (1)va = (α)vb + (1−α)vc  (2'') 

so 

  v1 = vb + vs −αvb − (1−α)vc = vs + (1−α)(vb − vc )   

where 

  
vb + (−1)vc =

vs + isR1
α −1−Y

  (3'''') 

so 

  
v1 = vs + (1−α)

vs + isR1
α −1−Y

= vs + (1−α)
vs + isR1

α −1− R1 / R2
  

or 

  
v1 =

α −1− R1 / R2
α −1− R1 / R2

vs + (1−α)
vs + isR1

α −1− R1 / R2
 

or 

  
v1 =

α −1− R1 / R2 +1−α
α −1− R1 / R2

vs + (1−α)
isR1

α −1− R1 / R2
 

or 

  
v1 =

−R1 / R2
α −1− R1 / R2

vs + (1−α)
isR1

α −1− R1 / R2
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or 

  
v1 =

−R1
R2(α −1)− R1

vs + (1−α)
isR1R2

R2(α −1)− R1
 

or 

  
v1 =

vsR1 − isR1R2(1−α)
R2(1−α)+ R1

 

Wait.  What happened to the mess we had before in (1''''')?  The above 
solution didn't even use β!  Maybe there is a simpler way to have this 
problem. 

SOL'N II: We use superposition and some basic ideas, like Kirchhoff's laws. 
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Consistency checks follow. 
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One more check follows. 
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